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Abstract, The interaction expression of the surface-optical phonons with an electron (a hole)
in a slab is extended to the case of a quantum well and the Hamiltonian H of the exciton—
phonon system allowing for the Gabovish image potential is obtained for the first time. A
double-time unitary transformation to the Hamiltonian H is carried out to obtain the
Hamiltonian ¥,, of the exciton in a quantum well, and the motion of the exciton in the z
direction is discussed in detail. The result obtained is suitable not only for a weak-coupling
exciton system but also for an intermediate-coupling exciton system.

1. Introduction

Recently, there has been great interest in studying the behaviour of the bare exciton in
a polar crystal or a quantum well [1-4]. The behaviour of the exciton-phonon system in
a slab with a one-time unitary transformation to the Hamiltonian of the system was
investigated in [5], but the result is only suitable for a weak-coupling exciton—phonon
system. On the other hand, when we study the behaviour of the electron (the hole) near
the interface in a condensed medium, it is necessary to take into account the polarisation
force (image force) due to the existence of the interface [6]. With the technological
development of heterostructures and superlattices, investigation of the behaviour of the
exciton in a quantum well is more important. In this paper we study the behaviour of an
exciton—-phonon system allowing for the Gabovish image potential in a quantum well
with a two-time unitary transformation to the Hamiltonian of the system and obtain
some important properties of the discussed system.

2. The Hamiltonian and unitary transformation

We generalise the Hamiltonian of the exciton—phonon system in a polar slab [5] to the
case of a quantum well as shown in figure 1 and obtain the Hamiltonian of the exciton—
phonon system in a quantum well by replacing the vacuum dielectric constants with the
dielectric constants of Al,Ga,_ As, i.e.
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Figure 1. Quantum-well potential profile along
b vs the z axis normal to the interface of an
Al Ga,_,As-GaAs-Al,Ga,_,As  heterostruc-
L N R z ture. The symbols CB and vB denote the conduc-
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Ve(ze)= g( ) ‘ ‘

Vimg(ze)+V0 ‘Zei>d

Vim (ze) ‘Zh’sd
Vi(zy) = * ,

Vimg(zh)+ Vi lzh}>d
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O (€ay + €a3) T (£2y — £22) exp(—2qd)
WZLO = W2T0501/5x1
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C* = [2eAW o /A(gq — £.1)]"
Ve =G.(g,z.) exp(—iszq - p) = G(g, 1) exp(is;q * p)
{{[cosh(gz)/cosh(qd)]/[(ex1 + €x2) = (€1 — £x2) €xp(—2gd)]}
X {[(£21 T €x2) = (821 — £x2) exp(—2qd)]/[(e01 + €02)
— (€01 — £2) exp(=2qd)]}"* |z|<d
G.(q.2)=
{lexp(—g2)/exp(=qd)]/[(£x1 + £22) = (€21 — £22) exp(—2qd)]}
X {[(£x1 + £22) = (81 = £x2) exp(—2gd)]/[(€01 + £02)
- (€01 — £2) exp(—2gd) [} lz|>d
{[sinh(gz)/sinh(gd)]/[(ex1 + £x2) + (€1 — £2) exp(—2qd)]}
X {[(€x1 + €22) + (€21 — €02) €xp(—29d)]/[(€01 + £02)
+ (01 — &02) exp(—2qd) ]} |z|<d
{lexp(—qz)/exp(—qd)]/[(ex1 + €x2) + (£21 — £x2) eXP(—24d)]}
X {[(£x1 + 82) + (81 — €x2) exp(—2qd)]/[(€01 + £02)
+ (e e) exp(-20)}Y¢ z[>d

where W, ,, . and W, _ have the same expressions as those in [5], and the staticimage
potential V,,,(z) inside the well has the following expressions [6]:

Vimg(2e) = (=€’ /2. d){In[26.,/(€p + £2)]

G_(g,2) =+

+ (€2 = €21)28 /(€07 + £21)(d? — 22)} z.|<d
Vimg(zn) = (€% /261 ){In[26.3 /(£ + £.1)]
+ (822 = £21)20 /(€22 + £2)(d? — 23)} |zn|=<d.

Vimg(2) outside the well (|z|>d) has a more complex expression which is not very
important to the problems that we are discussing inside the well, and so we shall not
consider it here for conciseness. Vand V| are the depths of the potential well and &,
and gy, are the static dielectric constants of GaAs and Al,Ga, _, As, respectively, and €.
and &.,, are the optical dielectric constants. All other quantities and operators have the
same meanings as in [5].

Now we introduce the following two unitary transformations [7]:

U, =exp (iK ‘R—1i 2 Afmpkmp KR — iz bi,bgrq -R)
k.m,p q.p

UZ = exp <k2 (altm,pfk.m.p - ak,m.pf/f,m,p) + E (b;,pgq,p - bquzp))
mp q.p

Then the H in equation (1) can be transformed into
% =U;'U'HU, U,. 2)
Minimising (2) by setting

OH/0fkmp = 0H/Ofk = 0%/0g,, = 0%/0g;, =0
we obtain

fems==2MB*W o [ (K? +uf)  fine=—2MBW}, ./h(k? +u})’
8q.= = =~ [2MC*/#*(¢* + uf)H[sinh(29d))/q} * V , - exp(—qd)
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g5.= =~ [2MC/#*(q* +uZ)K[sinh(2qd)]/q}"* V7 - exp(—qd).

Here, we study only the slow exciton in the low-temperature limit (at zero tempera-
ture). Assume that @, expresses the unperturbed vacuum phonon state with the fol-
lowing properties:

Qe p | Do) =0 b @) =0 (@ @) = 1.

Considering the effect of the lattice vibration, we can write the Hamiltonian #., of the
exciton as

%ex = <®O‘%‘®O>
= HZD - (ﬁz/zme)vie - (hz/?'mh)V%h + Vimg(ze)
+ Vimg(zh)+vl(zeazh’p) ‘26’7 lzh‘sd (3)
with .
Hyp = - (ﬁ2/2u)V% - lg/sxlp

where H,p, is the internal motion energy of the exciton on the x—y plane and its effect
has been discussed clearly in [5]. The last term Vi(z., zy,, o) induced by the interaction
of the 5o and bulk Lo phonons with the exciton can be divided into three parts, i.e.

VI(Zeazh>p)=V(I)(ze)+V(I)(Zh)+vi(ze9zh7p) (4)
with

(ze)—hW;Ou[ Im 132 [(A + B,,s3) cos® (25 >

+ C,, sin (25 )}+m=2.42..4.,éN|:(A + B,,s3) sin? <2d >

L C COSz(.”}E )H———Z—%E—Dq——
m Ze 72 < £,(q) cosh? (qd)

24,2
q°+ug, 5 M, 5 M, ]
- h ——sinh
x[ p cosh*(gz.) Mszcos (gz.) mesm (gz.)
2M D
i g
W 2 o s (ad)

24,2
[_q qzuSp sinh?(gz.)

+ %s% sinh?(gz.) + ’—i%coshz(qze)]
with
= In(mz/2du,)/[uf — (mn/2d)?]
B, = (M/2mu){[ui — (ms/2d)*] ™" + 2(ma/2d)* In(ma/2du;)/[uf = (mm/2d)*}*}
C, = (M/2zm.)(mzx/2d)* [uf — (mx/2d)*] " {1/uf + 2 In(ma/2du;)/{uf — (ms/2d)*]}
D, = C*qsinh(2qd) exp(~2qd)/(q* + ul,)?
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£1(g) = [(£x1 + £x2) = (€21 — £x2) exp(—2gd)]¥?

X [(g01 + €02) = (€01 — €02) exp(—2qd)]"?
£:(q) = (821 + £x2) + (€1 — £22) exp(—29d)]*?

X [(eqr + £02) + (01 — £0) exp(—2gqd)]"2.

V9(z,) has the same expression as V{(z.); the quantities corresponding to z, m, and s,
are z, my, and s, respectively.

oW ou mmz, T
Vf(ze,zh,P)=——Lo‘i[ > % cos< )cos(m Zh)

d m=1.3,... iN 24 2d
. o mnz, . mmazy
+m=2.42.....%NSIn 2da M 24 >]
2 (= MSISZkZ ) k]o(p-k)
z i d
. f <1+u(k2 +uf)/ (k* + up)[k? + (mm/2d)*] k

0

= sinh(2qd) exp(—2qd) q*Jo(p - q)
+ 4ahW quU €. E J
LoUi€x1 €01 . fr(q2+u§p)2

N <612 tup Mo > (cosh(qze) cosh(gzy)
7 u ")\ £1(q) cosh?(qd)
sinh(gz.) sinh(qlh)>
€,(q) sinh?(gd)

3. Discussion

We rewrite ¥, in equation (3) as

%ex=H2D+H1D+VI,(Ze9Zh’p) (5)
= (7*/2m V3, — (h*[2mp)VE, + Vimg(ze) + Vimg(21)
V(I)(ze)+v?(zh) |Ze” ‘Zh‘sd

D =

— (72 2my)V3, — (12 /2m)V3, + Ving(ze) + Vimg(z1)
+Vo+ Vi zellzal > d.
The calculation shows that V{(z., z;, p) is smaller than H,, + H p; so we can take

Vi(z., zn, p)asaperturbation and H,p + Hpisunperturbed Hamiltonian of the exciton
system, 1.e.

H=Hyp +Hp
%éx = VI’ (Ze’zha p)

For the electron, the image potential V,,(z) is repulsive and, for the hole, Vlmg(zh) is
attractive in the case of the GaAs—Al,Ga;_,As quantum well; V{(z,) and V{(z)
induced by the interaction of the exciton with phonons are attractive and repulsive,
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Figure 2. The potential profile of an electron in Figure 3. The induced potential as a function of
a quantum well along the z axis normal to the the relative position between the electron and the
interface atdifferent widths of the well. A, N = 10; hole p with lattice constant a. (/,=1,=1). A,
B,N=20;C, N=350;D,N=100. A, = *107%/ N=10;B,N=20;C,N = 50.

2e.qd; broken curve, Vi (z.): chained curves,
V{(z.); full curves, the composition of Vi, (z.)
and V{(z,).

respectively. Figure 2 shows the composition of V{(z.) and Viy,(z.) at different widths
N of the well. It is obvious that the composition of V{(z,) or V{(z,) and V,,,(z.) or
Vime(2h) can be seen approximately as a square well and, the thinner the well, the larger
is V{(z.) or V{(z,) and the more accurate the approximation of the square well. For
simplicity, supposing that (in equation (5)) V,, Vi — =, we can consider the electron
(or hole) to move in a one-dimensional infinite-depth square potential well. Then the
eigenfunctions and eigenenergies of Hp, are given by

Wiz = (1/d) sin[(l,w/2d)(z, + d)] sin[(L,72d)(z, + d)] 2], lze| < d

E, = n*h*3/8m.d? + m*h13/8myd? (l,,b=1,2,3,4,...,N).
Now the energy of the unperturbed exciton system is
Ey=Ep+ Eyy,

and the first-order perturbation of %/, to the exciton system energy is

AED ={@(p, MIVi'2(p)le(p, 1)
with
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Vi'z(p) = (), (z) 1, (20)IVi (Zes 20y PN 1, (20) Y1, (26)) (6)

where |¢(p, A)} is the eigenfunction of H,p, [3].

In equation (6), the fact that the induced potential V {2(p) is relevant to the quantum
numbers/, and /, shows that the magnitude of the interaction of the exciton with phonons
relies on the motion state of the exciton in the z direction as well as on the width N of
the well; this cannot be seen from the results in [5]. So we can see that a two-time unitary
transformation to H is better than a one-time unitary transformation and the result
reveals more properties of the exciton in a quantum well. Also, the calculation results
are more accurate. Figure 3 shows the variation in the induced potential V{2(p) with
p (the projected distance between the electron and the hole onto the x-y plane) and
N (=d/a, the width of the potential well) when !, = 1,1, = 1.

In our calculation, &,; and g, for GaAs are 10.9 and 12.83, respectively, and €., and
£y for Aly 2Gag,As are 10.7 and 12.59, respectively.
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